Analytic Stability — Lyapunov’s Direct
Method

Definition 0.1 The origin of the state space is stable if there exists
a region, S(r), such that states which start within S(r) remain

within S(r).

Definition 0.2 Systems which satisfy Definition 0.1 are asymp-

totically stable if ast — oo, the system state approaches the origin
of the state space.
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Analytic Stability

Definition 0.3 Lyapunov’s Second Method If the function,
V(Z,t), exists such that:

V(0,t) = 0, and
V(Z,t) > 0, for x #0 (positive definite), and
ov/ot < 0 (negative definite),

then, the state space described by V' is asymptotically stable in the
neighborhood of the origin. If a system is stable, then there is
a switable Lyapunov function. If however, a particular Lyapunov
function does not satisfy these criteria, it 1s not necessarily true
that this system s unstable.
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EXAMPLE: spring-mass-damper

system dynamics:
M ix T+ M:I: + a: =0
K B quadratic Lyapunov function:
L = %M:tz + %K:ﬁ positive definite
.
dL B K
= Mziz+ Kez=Mz(——z — —x)+ K
= T xx = Mx( Ma: M:E) T
— —Bi? negative definite
B>0 B=0
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EXAMPLE: population dynamics

system dynamics:
x1 = # males Ty = —x1 + ax1xs = r1(axry — 1)

xo9 = # females Lo = —X9 + Bx129 = To(Bx1 — 1)

equilibrium points: # =0

V(EA) > 0 } choose V(Z,t) = 2 + x5
oV . .
E = 22121 + 22929

= 2zf(awy — 1)+ 225(Br; — 1) <0
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EXAMPLE: population dynamics

level curves

in dV/dt function

) o

# females

N
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